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TOPICS IN NONHAMILTONIAN
(MAGNETIC–TYPE) INTERACTION OF
CLASSICAL HAMILTONIAN DYNAMIC SYSTEMS
Denis Juriev1
Abstract. A convenient algebraic structure to describe some forms of dy-
namics of two hamiltonian systems with nonpotential (magnetic–type)
interaction is considered. An algebraic mechanism of generation of such
dynamics is explored on simple ”toy” examples and models. Nonpoten-
tial chains and their continuum limits are also considered. Examples of
hybrid couplings with both potential and nonpotential (magnetic–type)
interactions are discussed.
I. Introduction
The evolution of hamiltonian systems (defined by Poisson brackets and hamilto-
nians) attracts a lot of attention (see f.e. [1]). Many of such systems are associated
with Lie algebras, in this case Poisson brackets (the so–called Lie–Berezin brackets)
have a linear form and are restored from the commutator in the Lie algebra [2] (it
should be marked that nonlinear Poisson brackets are also of interest [3]). The intro-
ducing of external fields (which interact with the system nonpotentially, in general)
may be accounted by a transformation of commutator Lie algebras into the so-called
isocommutator Lie algebras (their Q–operator deformations). It means that if a Lie
algebra is realized by operators with an ordinary commutator [X, Y ] = XY − Y X ,
the corresponding isocommutator Lie algebra (its Q–operator deformation) is re-
alised by operators with the so-called isocommutator [X, Y ]Q = XQY − Y QX ,
where an additional fixed operator Q decodes an information on the external field
(see f.e. [4]). If the external field possesses a symmetry governed by the Lie algebra
g, then it is rather convenient to describe the systems by Lie g–bunches [5]. This
is a standard situation for magnetic-type external fields (see f.e. [6]). By use of
Lie g–bunches one may construct various hamiltonian systems nonpotentially con-
trolled by external fields, which dynamics maybe also hamiltonian, in particular.
Such picture is rather realistic if one supposes that a counteraction of the system
on the external fields maybe neglected. Nevertheless, it is not so in many impor-
tant cases. Therefore, it is interesting to consider a dynamics of two hamiltonian
systems, which interact with each other noncanonically (nonpotentially). For ex-
ample, a system of two charged spinning particles with nonpotential magnetic–type
1A preliminary electronic version of this manuscript is located in the Texas e-print archive on
mathematical physics and has a number ”mp arc/94-136” (May, 1994).
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interaction may be considered as an example. A convenient algebraic structure to
describe some forms of such dynamics seems to be of the following definition (see,
however, [7] for more general one).
Definition 1. The pair (V1, V2) of linear spaces is called an isotopic pair iff there
are defined two mappings m1 : V2 ⊗
∧2
V1 7→ V1 and m2 : V1 ⊗
∧2
V2 7→ V2 such
that the mappings (X, Y ) 7→ [X, Y ]A = m1(A,X, Y ) (X, Y ∈ V1, A ∈ V2) and
(A,B) 7→ [A,B]X = m2(X,A,B) (A,B ∈ V2, X ∈ V1) obey the Jacobi identity for
all values of a subscript parameter (such operations will be called isocommutators
and the subscript parameters will be called isotopic elements) and are compatible
to each other, i.e. the identities
[X, Y ][A,B]Z =
1
2([[X,Z]A, Y ]B + [[X, Y ]A, Z]B + [[Z, Y ]A, X ]B−
[[X,Z]B, Y ]A − [[X, Y ]B, Z]A − [[Z, Y ]B, X ]A)
and
[A,B][X,Y ]C =
1
2 ([[A,C]X , B]Y + [[A,B]X, C]Y + [[C,B]X , A]Y−
[[A,C]Y , B]X − [[A,B]Y , C]X − [[C,B]Y , A]X)
(X, Y, Z ∈ V1, A,B,C ∈ V2) hold.
This definition is a result of an axiomatization of the following construction. Let’s
consider an associative algebra A (f.e. any matrix algebra) and two linear subspaces
V1 and V2 in it such that V1 is closed under the isocommutators (X, Y ) 7→ [X, Y ]A =
XAY − Y AX with isotopic elements A from V2, whereas V2 is closed under the
isocommutators (A,B) 7→ [A,B]X = AXB −BXA with isotopic elements X from
V1. If a family (linear space) V1 of operators forms an isocommutator algebra with a
family (linear space) V2 of admissible isotopic elements then (V1, V2) is an isotopic
pair via the so–called ”isotopic duality” [5] (which maybe regarded as a certain
”algebraic manifestation” of the Third Law of Classical Dynamics).
It should be mentioned that the isocommutators define families of Poisson brack-
ets {·, ·}A and {·, ·}X (A ∈ V2, X ∈ V1) in the spaces S·(V1) and S·(V2), respectively.
Definition 2A. Let’s consider two elements H1 and H2 (hamiltonians) in S·(V1)
and S·(V2), respectively. The equations
X˙t = {H1, Xt}At , A˙t = {H2, At}Xt ,
where Xt ∈ V1 and At ∈ V2 will be called the (nonlinear) dynamical equations
associated with the isotopic pair (V1, V2) and hamiltonians H1 and H2.
Definition 2B. Let’s consider two elements Ω± in V1 and V2, respectively. The
equations
X˙t = [Ω
+, Xt]At , A˙t = [Ω
−, At]Xt ,
where Xt ∈ V1 and At ∈ V2 will be called the (nonlinear) dynamical equations
(Euler formulas) associated with the isotopic pair (V1, V2) and elements Ω
±.
Let’s consider several simple but crucial examples now. We shall treat the subject
purely mathematically and shall not specify its concrete physical implications of a
possible interest in details.
II. Noncanonically coupled rotators and Euler–Arnold tops
2.1. Nonlinear integrable dynamics of noncanonically coupled rota-
tors. Let’s consider the Lie sl(2,C)–bunch in π1 (the adjoint representation of
sl(2,C))5. It is defined by the next formulas
(1)
[m−1, m0]l0 = m−1
[m1, m−1]l0 = 0
[m1, m0]l0 = m1
[m−1, m0]l−1 = 0
[m1, m−1]l−1 = 2m−1
[m1, m0]l−1 = 2m0
[m−1, m0]l1 = 2m0
[m1, m−1]l1 = −2m1
[m1, m0]l1 = 0
where li (i = −1, 0, 1) are generators of sl(2,C) ([li, lj] = (i − j)li+j), mi (i =
−1, 0, 1) form a basis in π1 (li(mj) = (i− j)mi+j).
As it was marked in [5] the operators li form an isocommutator Lie algebra with
respect to isotopic elements from π1 via the ”isotopic duality”, namely
(2)
[l−1, l0]m0 = −l−1
[l1, l−1]m0 = 0
[l1, l0]m0 = −l1
[l−1, l0]m−1 = 0
[l1, l−1]m−1 = −2l−1
[l1, l0]m−1 = −2l0
[l−1, l0]m1 = −2l0
[l1, l−1]m1 = 2l1
[l1, l0]m1 = 0
It can be easily verified that isocommutators (1) and (2) define a structure of an
isotopic pair in π1⊕ π1. Mark that all isocommutators are r–matrix ones, i.e. may
be constructed from a standard Lie bracket in 3–dimensional Lie algebra sl(2,R)
by use of classical r–matrices (see [8]).
Let’s denote the first summand π1 by π
+
1 and the second summand by π
−
1 . Let’s
also consider two fixed elements Ω± in π±1 , respectively (Ω
+ = Ω+−1m−1 +Ω
+
0 m0 +
Ω+1 m1, Ω
− = Ω−−1l−1 +Ω
−
0 l0 +Ω
−
1 l1), and two variables A and B from π
+
1 and π
−
1
(A = A−1m−1 + A0m0 + A1m1 and B = B−1l−1 + B0l0 + B1l1). The dynamical
equations (Euler formulas) defined by Ω± will have the form

A˙−1 = Ω+−1(A0B0 − 2A1B−1)− Ω+0 A−1B0 + 2Ω+1 A−1B−1
A˙0 = 2Ω
+
−1A0B1 + 2Ω
+
0 (A1B−1 − A−1B1) + 2Ω+1 A0B−1
A˙1 = 2Ω
+
−1A1B1 − Ω+0 A1B0 +Ω+1 (A0B0 − 2A−1B1)

B˙−1 = −Ω−−1(B0A0 − 2B1A−1) + Ω−0 B−1A0 − 2Ω−1 B−1A−1
B˙0 = −2Ω−−1B0A1 − 2Ω−0 (B1A−1 −B−1A1)− 2Ω+1 B0A−1
B˙1 = −2Ω−−1B1A1 + Ω−0 B1A0 − Ω−1 (B0A0 − 2B−1A1)
It is rather convenient to consider the compact real form of the isotopic pair
(π+1 , π
−
1 ). Let’s denote
lx =
i
2 (l1 − l−1), ly = 12(l1 + l−1), lz = il0
mx =
i
2(m1 −m−1), my = 12(m1 +m−1), mz = im0.
The dynamical equation maybe rewritten as

A˙x = −Ω+x (AyBy + AzBz) + Ω+y AxBy + Ω+z AxBz
A˙y = −Ω+y (AxBx + AzBz) + Ω+xAyBx +Ω+z AyBz
A˙z = −Ω+z (AxBx + AyBy) + Ω+xAzBx +Ω+y AzBy
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

B˙x = −Ω−x (ByAy +BzAz) + Ω−y BxAy + Ω−z BxAz
B˙y = −Ω−y (BxAx +BzAz) + Ω−xByAx +Ω−z ByAz
B˙z = −Ω−z (BxAx +ByAy) + Ω−xBzAx +Ω−y BzAy
after the change Ω− → −Ω−. They maybe also written in a more compact form{
A˙ = −〈A,B〉Ω+ + 〈Ω+, B〉A
B˙ = −〈A,B〉Ω− + 〈Ω−, A〉B
here brackets 〈·, ·〉 denote su(2)–invariant inner products in π±1 . Such nonlinear
dynamics maybe interpreted as one for the noncanonically coupled rotators. It
possesses two trivial integrals of motion K = 〈A,B〉 and L = 〈A,Ω−〉 − 〈B,Ω+〉.
Let’s denote 〈Ω+, B〉+ 1
2
L = 〈Ω−, A〉 − 1
2
L by y. Then{
A˙ = −KΩ+ + (y − 12L)A
B˙ = −KΩ− + (y + 1
2
L)B
whereas
y˙ = y2 − ( 1
4
L2 +Kβ),
β = 〈Ω+,Ω−〉, so the dynamical equations (Euler formulas) are integrable in ele-
mentary functions.
2.2. Nonlinear integrable dynamics of noncanonically coupled Euler–
Arnold tops. Noncanonically coupled Euler–Arnold tops are realized by means
of the same isotopic pair as noncanonically coupled rotators but with quadratic
hamiltonians H1 = 〈A, T1A〉 and H2 = 〈B, T2B〉 (Ti = T ∗i ). The corresponding
dynamical equations maybe written as{
A˙ = −〈T1A,A〉B + 〈T1A,B〉A
B˙ = −〈T2B,A〉B + 〈T2B,B〉A
Such system admits integrals of motion KA = 〈TA,A〉, KB = 〈TB,B〉. If T1 =
T2 = T then L = 〈TA,B〉 = 〈TB,A〉 is also an integral; the equations maybe
rewritten as {
A˙ = LA−KAB
B˙ = KBA− LB
and are easily integrated.
It is rather interesting to obtain solutions of dynamical equations with T1 6= T2
by use of some sort of ”dynamical dressing transformations” (cf. [9]).
III. Noncanonically coupled oscillators and their chains
3.1. Nonlinear integrable dynamics of noncanonically coupled oscilla-
tors. Let’s consider a standard representation of the Heisenberg algebra with three
generators p, q and r ([p, q] = r, [p, r] = [q, r] = 0) by 3× 3 matrices:
p =

 0 1 00 0 0
0 0 0

 , q =

 0 0 00 0 1
0 0 0

 , r =

 0 0 10 0 0
0 0 0

 .
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The linear space of admissible isotopic elements is generated by three elements
a, b and c, which are represented by matrices
a =

 0 0 01 0 0
0 0 0

 , b =

 0 0 00 0 0
0 1 0

 , c =

 0 0 00 1 0
0 0 0

 .
The isocommutators have the form
[p, q]a = 0
[p, r]a = r
[q, r]a = 0
[p, q]b = 0
[p, r]b = 0
[q, r]b = −r
[p, q]c = r
[p, r]c = 0
[q, r]c = 0
The elements a, b and c are closed themselves under isocommutators with isotopic
elements p, q and r via the ”isotopic duality”:
[a, b]p = 0
[a, c]p = c
[b, c]p = 0
[a, b]q = 0
[a, c]q = 0
[b, c]q = −c
[a, b]r = c
[b, c]r = 0
[a, c]r = 0
The linear spaces generated by p, q, r and a, b, c form an isotopic pair. One may
associate noncanonically coupled oscillators with it; namely, let’s consider p, q, r
and a, b, c as linear functionals (we shall denote them by capitals) on dual spaces;
hamiltonians H1 and H2 will be of the form H1 = P 2+Q2 and H2 = A2 +B2, the
dynamical equations will be written as

Q˙ = 2RPC
P˙ = −2RQC
R˙ = 2PRA− 2QRB


A˙ = −2CBR
B˙ = 2CAR
C˙ = 2ACP − 2BCQ
It should be marked that hamiltonians are integrals of motion here, also three
integrals maybe written: M = AQ−BP , N = BQ+AP and L = CR−BP−AQ =
CR−2BP−M = CR−2AQ+M. The presence of five integrals essentially simplifies
a picture, so an integration of the system of two noncanonically coupled oscillators
becomes an easy but interesting exercise. Let’s perform it. Put H1 = h21, H22 = h22,
P = h1 cosϕ, Q = h1 sinϕ, A = h2 cosψ, B = h2 sinψ, then the condition M˙ =
N˙ = 0 gives cos(ϕ− ψ) = − N
h1h2
, sin(ϕ− ψ) = M
h1h2
, so ϑ := ψ − ϕ = arctan(MN ).
Also ϕ˙ = ψ˙ = 2CR, R˙ = 2Rh1h2 cos(ϕ + ψ), C˙ = 2Ch1h2 cos(ϕ + ψ), hence
C = κR and ϕ˙ = 2κR2, R˙ = 2h1h2R cos(2ϕ+ ϑ). Let’s consider R as a function
of ϕ then RR′ϕ = h1h2 cos(2ϕ+ϑ) and R =
√
L
κ
+ h1h2
κ
sin(2ϕ+ ϑ) (to receive this
fact one may also use a conservation law L˙ = 0). It should be marked that the
plane curve, which is defined by the equation R = R(ϕ) in polar coordinates, is
the Booth lemniscate. Substituting the resulted expression for R = R(ϕ) into the
formula for ϕ˙ one obtains that ϕ˙ = 2L+ 2h1h2 sin(2ϕ+ ϑ).
3.2. Dynamics of periodic and nonperiodic chains of noncanonically
coupled oscillators. The dynamical equations for two noncanonically coupled
oscillators are immediately generalized on (periodic or infinite nonperiodic) chains
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of them, namely

Q˙i = RiPi(Ri−1 +Ri+1)
P˙i = −RiQi(Ri−1 +Ri+1)
R˙i = RiPi(Pi−1 + Pi+1)−RiQi(Qi−1 +Qi+1)
The hamiltonians Hi = P 2i +Q2i are certainly integrals of motion. Put Hi = h2i ,
Pi = hi cosϕi, Qi = hi sinϕi, then ϕ˙i = Ri(Ri−1 +Ri+1), R˙i = Rihi(hi−1 cos(ϕi +
ϕi−1) + hi+1 cos(ϕi + ϕi+1)).
Let’s introduce new ”coupled” variables ψi = ϕi+ϕi+1 and Si = RiRi+1 as well
as Hi = hihi+1. The dynamical equations are rewritten as follows{
ψ˙i = Si−1 + 2Si + Si+1
S˙i = Si(Hi−1 cosψi−1 + 2Hi cosψi +Hi+1 cosψi+1)
Let’s put Ti = Hie
√−1ψi now, then
{
S˙i = Re(Ti−1 + 2Ti + Ti+1)Si
T˙i =
√−1(Si−1 + 2Si + Si+1)Ti
3.3. A continuum limit of the noncanonically coupled oscillator chain. One
may consider noncanonically coupled oscillator chain with changed signs, i.e.

Q˙i = RiPi(Ri+1 −Ri−1)
P˙i = −RiQi(Ri+1 −Ri−1)
R˙i = RiPi(Pi+1 − Pi−1)−RiQi(Qi+1 −Qi−1)
Such chain admits a natural continuum (field) limit


q˙ = prr′x
p˙ = −qrr′x
r˙ = rpp′x − rqq′x
q=q(t, x), p=p(t, x), r=r(t, x). The function h2=p2+q2 is an integral of motion,
so it is convenient to put p = h cosϕ, q=h sinϕ. Then
{
φ˙ = rr′x
r˙ = −rh2 sin 2ϕϕ′x
Let’s put s=r2, t=h2e2
√
−1ϕ, then
{
s˙ = −Re(t′x)s
t˙ =
√−1s′xt
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IV. Other examples
4.1. Dynamic system connected with the isotopic pair of 3× 3 symmet-
ric and skew–symmetric matrices. One of the most interesting examples of
isotopic pairs is related to n × n symmetric and skew–symmetric matrices. Let’s
consider the simplest case n = 3. It is rather convenient to introduce the following
basises:
lz =

 0 1 0−1 0 0
0 0 0

 , lx =

 0 0 00 0 1
0 −1 0

 , ly =

 0 0 10 0 0
−1 0 0


and
mxy =

 0 1 01 0 0
0 0 0

 , myz =

 0 0 00 0 1
0 1 0

 , mxz =

 0 0 10 0 0
1 0 0

 ,
mxx =

 2 0 00 0 0
0 0 0

 , myy =

 0 0 00 2 0
0 0 0

 , mzz =

 0 0 00 0 0
0 0 2

 .
Elements la form a basis in the space of skew–symmetric matrices, whereas wab
form a basis in the space of symmetric matrices. The isocommutators have the
form
[mab, mcd]le = ǫacembd + ǫadembc + ǫbcemad + ǫbdemac,
[la, lb]mcd = ǫabcld + ǫabdlc,
here ǫabc is a totally antisymmetric tensor.
Let’s fix a skew–symmetric matrix Ω− and a symmetric matrix Ω+. If the linear
functionals defined by la and mab in the dual spaces are denoted by capitals La
and Mab, respectively, then the dynamical equations (Euler formulas) will have the
form {
L˙a = ǫbcdΩ
−
b LcMad
M˙ab = ǫcdeΩ
+
acMbdLe + ǫcdeΩ
+
bcMadLe
Unfortunately, I do not know whether this system is integrable.
4.2. The hybrid coupling: ”elastoplastic” spring. It is rather interesting to
consider the case then two hamiltoinian systems are coupled by interaction terms
in a hamiltonian and simultaneously noncanonically. Below we shall consider an
”elastoplastic” string, which is a hybrid of the ordinary ”elastic” spring with non-
canonically coupled oscillators.
The isotopic pair is the same as for noncanonically coupled oscillators but the
hamiltonian is of the form H = H1 +H2 − 2QB − 2PA; the dynamical equations
have the form

Q˙ = 2RC(P − A)
P˙ = −2RC(Q−B)
R˙ = −2(P −A)2R + 2(Q−B)2R


A˙ = 2RC(Q−B)
B˙ = −2RC(P − A)
C˙ = −2(P −A)2C + 2(Q−B)2C
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Let’s denote D = P − A, G = Q − B, then J 2 = D2 + G2 is an integral of
motion so it is convenient to put D = J sinϕ, G = J cosϕ. Moreover, C = λR
and R˙ = 2J 2R2 cos 2ϕ, whereas ϕ˙ = −4λR2. Hence, −2λRR′ϕ = J 2 cos 2ϕ and
R =
√
L
λ
− 1
2λ
J 2 sin 2ϕ (and the corresponding plane curve is the Booth lemniscate
again), whereas ϕ˙ = −4L+ 2J 2 sin 2ϕ.
4.3. ”Elastoplastic” spring with general interaction potential. The de-
scribed picture is straightforwardly generalized on arbitrary interaction potentials.
Namely, let’s consider the hamiltonian of the form H = (P−A)2+V (Q−B), where
V is an interaction potential. The dynamical equations are written in the form


Q˙ = 2RC(P − A)
P˙ = −RCV ′(Q−B)
R˙ = −2(P −A)2R+ (Q−B)V ′(Q−B)R


A˙ = RCV ′(Q−B)
B˙ = −2RC(P −A)
C˙ = −2(P −A)2C + (Q−B)V ′(Q−B)C
Let’s denote D=P−A, G=Q−B; J 2=D2+V (G) is an integral of motion so
it is convenient to put D = J sinϕ, G = V −1(J 2 cos2 ϕ). Moreover C = λR and
R˙=
[−2J 2 sin2 ϕ+V −1(J 2 cos2 ϕ)V ′(V −1(J 2 cos2 ϕ))]R, whereas ϕ˙=− 2λR2J cosϕ ×
V ′(V −1(J 2 cos2 ϕ)). Hence −2λRR′ϕV ′(V −1(J 2 cos2 ϕ))=J cosϕ
[−2J 2 sin2 ϕ +
V −1(J 2 cos2 ϕ)V ′(V −1(J 2 cos2 ϕ))] and
R =
√
1
λ
∫
J cosϕ2J
2 sin2 ϕ− V −1(J 2 cos2 ϕ)V ′(V −1(J 2 cos2 ϕ))
V ′(V −1(J 2 cos2 ϕ)) dϕ,
whereas
ϕ˙ =
2
cosϕ
∫
cosϕ
[
V −1(J 2 cos2 ϕ)− 2J
2 sin2 ϕ
V ′(V −1(J 2 cos2 ϕ))
]
dϕ.
V. Conclusions
Thus, a certain convenient algebraic structure (a structure of isotopic pair) to
describe some forms of classical dynamics of two hamiltonian systems with non-
potential (magnetic–type) interaction was considered. An algebraic mechanism of
generation of such dynamics was explored on simple ”toy” examples (coupled ro-
tators, tops and oscillators). It is analogous to well-known one for hamiltonian
systems constructed from Lie algebras (see f.e. [10]). The nonpotential chains and
their continuum (field) limits were also considered. Examples of hybrid couplings
with both potential and nonpotential terms were discussed.
8
References
[1] Arnold V.I., Mathematical methods of classical mechanics, Springer–Verlag,
1980; Dubrovin B.A., Novikov S.P., Fomenko A.T., Modern geometry –
methods and applications, Springer–Verlag, 1988; Fomenko A.T., Symplec-
tic geometry. Methods and applications, Gordon & Beach, 1988; Arnold
V.I., Kozlov V.V., Neustadt A.I., Current Problems of Math., Fundamental
Directions. Vol.3. Moscow, VINITI, 1985, pp.5-303 [in Russian].
[2] Kirillov A.A., Elements of the theory of representations, Springer–Verlag,
1976; Perelomov A.M., Integrable systems of classical mechanics and Lie
algebras, Birkhauser–Verlag, 1990.
[3] Karasev M.V., Maslov V.P., Nonlinear Poisson brackets: geometry and
quantization, Amer. Math. Soc., Providence, RI, 1993.
[4] Santilli R.M., Foundations of theoretical mechanics. II. Birkhoffian gener-
alization of Hamiltonian mechanics, Springer–Verlag, 1982.
[5] Juriev D., Topics in hidden symmetries, E–print (LANL Electronic Archive
on Theor. High Energy Phys.): hep-th/9405050 (1994).
[6] Dubrovin B.A., Krichever I.M., Novikov S.P., Current Problems of Math.,
Fundamental Directions. Vol.4. Moscow, VINITI, 1985, pp.179-284 [in Rus-
sian]; Thirring W., Classical dynamical systems, Springer–Verlag, 1978.
[7] Juriev D., On the nonhamiltonian interaction of two rotators, E–print (MSRI
Electronic Archive on Diff. Geom. and Global Anal.): dg-ga/9409005 (1994).
[8] Semenov-Tian-Shansky M.A., Funct. Anal. Appl. 17, 259 (1983), Zap. Na-
uchn. Sem. LOMI 133, 228 (1984).
[9] Semenov-Tian-Shansky M.A., Publ. RIMS 21, 1237 (1985), Zap. Nauchn.
Sem. LOMI 150, 119 (1986).
[10] Fomenko A.T., Trofimov V.V., Geometric and algebraic mechanisms of in-
tegrability of hamiltonian systems on homogeneous spaces and Lie algebras.
In ”Current Probl. Math.: Fundamental Directions 16”, 1987, pp.227-295.
9
